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When a mesoscopic conductor is coupled to a high-quality electromagnetic cavity the flow of
charges and the flux of photons leaking out of the cavity can both depend strongly on the coupled
quantum dynamics of the system. Using a voltage-biased Josephson junction as a model system,
we demonstrate that there is a simple connection between the full counting statistics of the charges
and the photons in the long time limit. We then reveal the intimate relation between the counting
statistics and the nonlinear dynamics of the system, uncovering novel regimes of coherent charge
and photon transport associated with bifurcations in the classical dynamics of the system.
PACS numbers: 05.40.-a,42.50.Ar,85.25.Cp,73.23.Hk
Introduction. The statistical properties of the radi-
ation produced by mesoscopic electrical conductors can
be very different to that produced by a classical con-
ductor [1–3]. Such systems are also highly tunable since
the radiation emitted depends not just on the conductor
itself, but also on the properties of its electromagnetic
environment and the details of the bias applied. Exper-
iments over the last few years have been able to probe
the photons emitted by a range of different conductors
in unprecedented detail [4–7] and their potential to act
as sources of non-classical microwave radiation is being
actively explored [8–11].
Introducing an electromagnetic cavity into a circuit
can transform the properties of both the electrical cur-
rent and the radiation emitted [12, 13]. Recent ex-
periments using cavity-coupled Josephson junctions and
semiconductor quantum dots, where the coupling was
predominantly to a single cavity mode, showed that a
strongly non-equilibrium photon population can be gen-
erated leading to novel regimes of strongly coupled charge
and photon dynamics [14–16]. In such a system, illus-
trated schematically in Fig. 1(a), the photon flux entering
the mode is balanced by a leakage of radiation out into
the wider electromagnetic environment and the mode it-
self can be thought of as a conductor, albeit a photonic
one rather than an electrical one. From this perspec-
tive it is natural to ask how the counting statistics of the
photons flowing in and out of the mode are related to the
charge current and what they tell us about the nonlin-
ear quantum dynamics of the system. We address these
questions in this Letter, focussing on a specific conductor,
a voltage-biased Josephson junction coupled to a cavity,
where the connection between the flow of an electrical
current and the generation of photons is particularly sim-
ple and the coupled quantum dynamics especially rich.
When a Josephson junction (JJ) in series with a mi-
crowave cavity [5, 12, 13, 15, 17] is biased at voltages
below the gap energy, quasiparticle excitations are un-
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FIG. 1. (Color online) (a) Schematic diagram of a voltage-
biased mesoscopic conductor (blue box) coupled to an LC
oscillator (red box); an electrical current flowing through the
conductor, Iel, generates a coherent flux of photons which en-
ter the oscillator, Icph, whilst the photons leaking out of the
latter form another current, Iph. (b) Josephson junction em-
bedded in a superconducting cavity capacitively coupled to a
transmission line. The dynamics of the system can be probed
using either the Cooper-pair current in the circuit, ICP , or
the photons leaking out of the cavity into the transmission
line, Iph.
able to dissipate energy. A dc current flows at reso-
nances where the energy available to tunneling Cooper
pairs matches that required to generate one or more
cavity photons. Since all of the energy from the volt-
age source is converted into photons, the dc current is
strictly proportional to the rate at which photons are
produced [5, 15], in contrast to other conductors, such
as semiconductor quantum dots, where typically only a
small fraction of the charges generate photons [16, 18].
Recent theoretical work has shown that the strong non-
linearities in such systems can lead to non-classical fea-
tures near resonances where each Cooper pair produces
2one or two photons [8, 9, 19–23].
We begin by demonstrating a simple connection be-
tween the full counting statistics of the photonic and
charge currents, not just their averages. We then ex-
amine the statistics of the charge and photon currents
at the resonance where each Cooper pair generates one
photon: We explore the emergence and eventual disap-
pearance of a regime of strongly coherent transport [24]
as the Josephson energy is increased, signalled by strong
suppression of the fluctuations in the charge and photon
statistics, and establish its connection with a bifurcation
that occurs in the classical dynamics of the cavity. The
statistics are strikingly different to other systems where
a mesoscopic conductor generates a non-equilibrium pho-
ton or phonon population [25–31], as well as to those
at the two-photon resonance [19], where a bifurcation in
the corresponding classical dynamics is instead typically
marked by a strong enhancement in the noise.
Josephson-cavity system. The model system we study
consists of a JJ in series with an LC oscillator to which
a (sub-gap) voltage bias, V , is applied [5, 15]; a possible
realization is shown in Fig. 1(b). The oscillator is one of
the modes of a high-Q superconducting microwave cavity
which is assumed to be weakly coupled to a transmission
line through which photons leak out of the system [21].
The Hamiltonian of this JJ-oscillator system takes the
time-dependent form H = ~ω0a
†a−EJ cos(ωJ t+ϕ) [21,
22], where a is the lowering operator for the oscillator
which has frequency ω0 = 1/
√
LC, EJ is the Josephson
energy of the junction and ωJ = 2eV/~ the Josephson
frequency set by the bias voltage. The phase of the JJ is
locked to the phase of the oscillator [32] ϕ = ∆0(a
† + a)
with ∆0 = (2e
2/~)1/2(L/C)1/4 the oscillator’s zero point
flux fluctuations in units of the flux quantum. While
early experiments operated in the low impedance regime
∆0 ≪ 1 [5, 15], recent progress in circuit designs allows
for ∆0 ∼ O(1) [33, 34].
We will focus on situations where the Josephson fre-
quency is close to an integer, p, times the resonator fre-
quency, ωJ ≃ pω0. In such cases, one can perform a
rotating wave approximation (RWA) and obtain the ef-
fective Hamiltonian [21, 22] (in a frame rotating at fre-
quency ωJ/p):
H
(p)
RWA = ~δ(p)a
†a (1)
− (−i)
pE˜J
2
:
[(
a†
)p
+ (−1)pap
] Jp(2∆0√a†a)
(a†a)p/2
:,
where the renormalized Josephson energy is defined as
E˜J = EJe
−∆2
0
/2, the detuning is given by δ(p) = ω0 −
ωJ/p and colons imply normal ordering.
Including weak coupling between the oscillator and its
surroundings [21, 22] (i.e. the transmission line), assumed
to be at zero temperature for simplicity, we can write
down a master equation for the oscillator ρ˙ = Lχ=0 [ρ],
with the Liouvillian
Lχ[ρ] = − i
~
[H
(p)
RWA, ρ] +
γ
2
(
2e−iχ aρa† − a†aρ− ρa†a) ,
(2)
where γ is the energy relaxation rate. The dissipative
terms account for the irreversible loss of photons; the
factor e−iχ allows one to count the flow of these photons
out of the oscillator [18, 35].
Counting statistics of photons and charges. The pho-
tonic current and its statistical properties are con-
nected in a simple way with those of the dc Cooper-
pair current flowing through the JJ, as we now demon-
strate. We consider the generating function Fph(χ, t) =
ln[
∑
N P (N, t) e
iχN ] of the number distribution P (N, t)
of photons leaking from the cavity during a time in-
terval t. It is obtained by evolving the system start-
ing from steady state, ρ(0), with the Liouvillian (2) as
exp[Fph(χ, t)] = Tr{exp[Lχt] ρ(0)}. The mean photon
current and its moments follow from the cumulants [37–
39] κ
(k)
ph = 〈〈Nk〉〉 = ∂kFph(χ, t)/∂(iχ)k
∣∣
χ=0
. For long
counting times Fph(χ, t→∞)→ tλ(χ) with λ the eigen-
value of the counting Liouvillian Lχ with the least nega-
tive real part.
In Liouville space (where the density operator turns
into a vector), we can now introduce a unitary transfor-
mation, exp[Fph(χ, t)] = Tr{U−1 exp[ULχU−1t] Uρ(0)},
where (Uρ(0))nm = exp [−i(n+m)χ/2] ρ(0)nm. Note,
that U can not be cycled under the trace, which is to be
taken in Hilbert space. For the transformed Liouvillian,
one finds
Lcphpχ [ρ] = ULχU−1 [ρ] (3)
=
i
~
(Hχρ− ρH−χ) + γ
2
(2aρa† − a†aρ− ρa†a) ,
where Hχ = ~δ(p)a
†a − (−i)p(E˜J/2) : [e−ipχ/2
(
a†
)p
+
(−1)p eipχ/2ap]Jp(2∆0
√
a†a)/(a†a)p/2 :. This equation
can also be interpreted as describing a counting pro-
cess in its own right. The particular way the count-
ing field pχ appears in the coherent part indicates the
quantity which is counted [37–39]: namely packages of p
photons absorbed or emitted during a tunneling process.
Formally, this allows us to define a generating function
Fcph(pχ, t) := ln
(
Tr{exp[Lcphpχ t] ρ(0)}
)
for a distribution
P˜ (N, t) describing the coherent transfer of photons. In
the long time limit, the behavior is dominated by λ and
hence
Fcph(pχ, t) = Fph(χ, t) (4)
up to an irrelevant constant, which immediately relates
the cumulants κ
(k)
cph = κ
(k)
ph /p
k.
The current operator for the coherent transfer of pho-
tons is then obtained by subtracting the absorption and
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FIG. 2. (Color online) (a) Distributions for coherent photon
transfer into the cavity, P˜ (N, t), and incoherent emission from
the cavity, P (N, t), at different times. (b) Behavior of P (N, t)
below and above the bifurcation at EJ = E
B
J together with
the corresponding Poissonian distributions (dashed); γt = 80
(except for EJ/E
B
J = 1.6 where γt = 60 for clarity). (c)
Large deviation functions (for γt = 80); the Poissonian case
is shown as a dashed line. ∆0 = 0.5 throughout.
emission terms for p photons that appear in Hχ,
Icph =
ip−1E˜J
2~
:
Jp(2∆0
√
a†a)
(a†a)p/2
[
ap − (−1)p(a†)p] : .
(5)
However, this is equivalent to the operator describing the
dc Cooper-pair current, the time-independent part of the
standard Josephson current operator IJ =
2eEJ
~
sin(ωJ t+
ϕ) in the rotating frame and within the RWA: ICP =
2eIcph. Hence in the long time limit, the statistics of
Cooper pairs transferred through the JJ will match that
of the photons leaving the cavity.
We now look in detail at how the counting statistics
reflect the rich nonlinear quantum dynamics of the sys-
tem, focussing in the first instance on the case of the one
photon resonance. Figure 2(a) compares the evolutions
of P (N, t) and P˜ (N, t) over time (for details of the cal-
culation see [36]). Although these distributions become
identical in the limit of long times, the short time be-
havior is radically different. This is hardly surprising as
P˜ (N, t) is a quasiprobability distribution [37, 40], reflect-
ing the coherence of the photon transfer from junction
to cavity: not only can photons both enter (N > 0) and
leave the system (N < 0), the precise number that have
done so is ambiguous because of quantum coherences.
This essential ambiguity is signalled by the negativity
which is present in P˜ (N, t) for short times. It is dissi-
pation which, over time, sets the direction for the flow
of photons between the JJ and the cavity as well as de-
stroying coherences so that P˜ (N, t) eventually becomes
completely positive and converges with P (N, t).
The dynamics of the system becomes strongly nonlin-
ear as EJ is increased and this is reflected in the shape
of the distribution, P (N, t) [and that of P˜ (N, t)], that
emerges in the limit of long times. The distribution is
only ever Poissonian in the limit of very weak coupling
(not shown); as EJ is increased progressively P (N, t) ini-
tially narrows dramatically before broadening again, be-
coming noticeably broader than the Poissonian case [see
Fig. 2(b)]. The crossover from narrowing to broaden-
ing is linked with a bifurcation as we shall see below.
The large deviation function for the photon statistics,
Fig. 2(c), shows that the behavior remains strongly non-
Poissonian over the whole range of EJ studied.
Charge and photon Fano factors. To examine the
counting statistics around the bifurcation in more detail
we now analyze the behavior of the second cumulants.
These quantities can clearly be derived directly from the
full counting distributions (4), but they can also be ob-
tained from the behavior of second order correlations
functions. This latter approach is advantageous in that
it provides a simple way of applying analytic techniques
such as the semiclassical approximation which in turn
provides insight into the relation between noise proper-
ties and nonlinear quantum dynamics.
Accordingly, we consider for both Cooper pair (µ =
CP ) and photonic (µ = ph) current, respectively, Sµ =
2
∫∞
0
dt
[〈Iµ(t)Iµ(0)〉 − 〈Iµ〉2]. In particular, the Fano
factors Fµ = Sµ/(qµ〈Iµ〉) with qCP = 2e, qph = 1 pro-
vide a convenient way of quantifying deviations from the
Poissonian value (Fµ = 1). Using the general relation
(4), one then finds that Fph = pFCP which can be con-
sidered a generalization of the Ramo-Shockley relation in
quantum transport [26, 41].
In the semiclassical approximation the basic idea is to
expand about the classical fixed points of the system lin-
earizing the equations of motion for the corresponding
quantum fluctuations [21] a → α + δa. This applies to
the regime where ∆0 ≪ 1 and photon numbers become
sufficiently large. Formally, one moves to a displaced
frame using D(α) = eαa
†−α∗a with α a complex ampli-
tude. Quantum noise properties are now captured by a
master equation as in (2) with the quadratic Hamiltonian
H
(p)
2 = ~[δ(p) + ν(p)]δa
†δa+ i
~
2
(
g(p)δa
†δa† − g∗(p)δaδa
)
(6)
where the coefficients ν(p)(A, φ), g(p)(A, φ) depend on am-
plitude and phase of the classical fixed points α = Aeiφ
(see [36]). The stability of these fixed points as well as
the dynamics of the correlation functions is then deter-
mined by the eigenvalues of the matrix of the equations
of motion for the expectation values of δa, δa†, i.e.,
Γ±(p) = −
γ
2
±
√
|g(p)|2 − (δ(p) + ν(p))2. (7)
On-resonance, as EJ is increased from zero both eigen-
values are initially real and finite until one arrives at bi-
furcations, where one of them vanishes. For sufficiently
large EJ , eventually Γ
±
(p) become complex.
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FIG. 3. (Color online) Cooper-pair Fano factor, FCP , at the
one-photon resonance as a function of EJ/E
B
J with δ(1) = 0.
Full lines are numerical results using ICP and the full quan-
tum dynamics, dashed lines are from the semiclassical calcu-
lation below and above the bifurcation. Inset: Corresponding
behavior of 〈a†a〉[g(2)(t) − 1] as a function of t for ∆0 = 0.2.
Green dots on the curve for ∆0 = 0.5 indicate the EJ/E
B
J
values for the distributions in Figs. 2 (b) and (c).
One-photon resonance. The classical system under-
goes a bifurcation at EJ = E
B
J = ~γz1e
∆2
0
/2/[4J0(z1)∆
2
0]
with z1 = 1.841 the first maximum of the Bessel func-
tion J1(z) [21, 22]. Below the bifurcation there is a single
stable fixed point whose amplitude, A, grows with EJ .
Using the semiclassical approximation, below the bi-
furcation (EJ < E
B
J ) and on-resonance one finds
FCP =
[
dJ1(z)/dz
Y1(z)
]2
Y0(z1)
2[
Y0(z1) +
EJ
EB
J
Y2(z)
]2 , (8)
with Yk(z) = Jk(z)/z and z = 2∆0A. In the limit
EJ → 0, the amplitude A → 0 so also FCP → 1 and
the Poissonian result is recovered [22, 24] (as discussed
above) implying incoherent Cooper pair tunneling. How-
ever, as EJ is increased the value of FCP drops, signifying
a transition to a regime of increasingly coherent charge
transport [24]. Remarkably, the semiclassical calculation
predicts that FCP → 0 as EJ/EBJ → 1. Above the bifur-
cation is different: The semiclassical fluctuations in the
current do not vanish as EJ/E
B
J → 1 from above, here
the behavior is dominated by the emergence of a soft
mode since one of the eigenvalues, Γ±(1), tends to zero
which results in a divergence of the current noise.
Quantum fluctuations smear out the discontinuity at
the bifurcation as shown in Fig. 3 for a range of values of
∆0. A smooth drop in FCP as EJ is increased is seen in
the numerical results, but it is weaker than in the semi-
classical limit and the semiclassical discontinuity at the
bifurcation is echoed by a peak in FCP . These features
match the crossover from narrowing to broadening of the
full distributions in Fig. 2. However, for larger values
of ∆0 the peak at the bifurcation is smoothed out and
eventually disappears.
Well beyond the bifurcation the Fano factor of the
Cooper-pair current noise tends again towards unity. In
EJ/EJ
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FIG. 4. (Color online) Cooper-pair Fano factor, FCP , for the
two-photon resonance as a function of EJ/E
C
J . Numerical
results using ICP and the full quantum dynamics (full lines)
are compared with the semiclassical and quadratic approxi-
mations (dashed lines). Here EB2J = 2.4EC and δ(2) = 0.
the semiclassical formalism this behavior follows from the
fact that the eigenvalues of the fluctuations become com-
plex implying that two-time correlation functions, such
as g(2)(t) = 〈a†a†(t)a(t)a〉/〈a†a〉2, oscillate strongly [43]
(see Fig. 3, inset). The effect on the Fano factor can be
seen clearly using the relation [18, 42]:
Fph = 1 + 2γ〈a†a〉
∫ ∞
0
dt[g(2)(t)− 1] (9)
which implies Fph → 1 whenever g(2)(t) oscillates suffi-
ciently strongly. Nevertheless, as we have seen in Fig. 2
the full current statistics remains non-Poissonian.
Two-photon resonance. Rich quantum dynamics also
appears for the two photon (p = 2) resonance. In this
case there are two bifurcations as a function of the pump
parameter EJ [21]: One corresponds to a parametric res-
onance with a threshold at ECJ = ~γe
∆2
0
/2/∆20, another
at EB2J = ~γe
∆2
0
/2/[4Y1(z2)∆
2
0] > E
C
J with z2 = 3.054
to a bifurcation similar to that which occurs for p = 1.
Below ECJ a quadratic approximation of the Hamilto-
nian leads to [36] FCP = (2+ x
2 + x4)/[2
(
1− x2)2] with
x = EJ/E
C
J . This starts, as expected, at unity in the
small-EJ limit, but in this case FCP grows with EJ and
diverges as the threshold is approached. Since in this case
FCP = Fph/2, this matches the result for Fph in Ref. 19
which analyzed the sub-threshold photon counting statis-
tics. However, above threshold (EJ → EB2J ) a coherent
regime emerges with FCP < 1 before the second bifurca-
tion is reached. Again strong quantum fluctuations erase
the signatures of the classical bifurcations: for ∆0 = 1.0
the peak at the parametric threshold is converted into a
smooth dip, as can be seen in Fig. 4.
Conclusions. Considering a mesoscopic conductor
coupled to a cavity, we have shown that a simple relation
emerges in the long time limit between the full count-
ing statistics of the charges and photons, not just their
average currents. The statistics of the charges and pho-
tons depend strongly on the underlying coupled quan-
5tum dynamics, for the cavity-JJ system this leads to
the emergence of novel regimes of coherent transport
of Cooper pairs and photons. This contrasts strongly
with the behavior typically associated with bifurcations
in systems where conductors excite non-equilibrium pop-
ulations of photons (or phonons) [25–31]. These results
can be tested experimentally, given very recent progress
in inferring discrete microwave statistics using continu-
ous measurements [44]. Our work also raises a number of
questions about how the counting statistics of different
entities are linked, not just for cavity-conductor set-ups,
but also optomechanical devices [45] and other hybrid
systems. These include the relation between the short
time dynamics of the counting statistics and finite fre-
quency noise, the connection between the coherent pho-
ton flow and work statistics [46, 47], and the detection
process for charge counting in general.
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1Electronic and photonic counting statistics
as probes of non-equilibrium quantum dynamics: Supplemental material
NUMERICAL CALCULATION OF PHOTON
COUNTING DISTRIBUTIONS P (N, t) AND P˜ (N, t)
In Fig. 2 of the main text we show numerical results for
the distributions P (N, t) and P˜ (N, t) for the one-photon
(p = 1) resonance. These are defined from the corre-
sponding generating functions
Fph(χ, t) = ln[
∞∑
N=0
P (N, t) eiχN ] (S1)
Fcph(pχ, t) = ln[
∞∑
N=−∞
P˜ (N, t) eiχN ] (S2)
via inverting the Fourier transformation. The generat-
ing functions for counting either coherent photon flow or
the photonic leakage from the cavity follow in turn from
time evolution with the corresponding Liouvillians (Eqs.
(2) and (3) of the main text), which contain the count-
ing field in the coherent or the dissipative part of the
Liouvillian. In that manner the order p of the p-photon
resonance enters into the generating function for coherent
photon flow, Fcph(pχ, t), and thus also into the P˜ (N, t)
defined by (S2). P˜ can also be rewritten as counting
packages of p photons by using the variable M = N/p
in which case the exponential factor in (S2) becomes
eipχM . Note, that P˜ (N, t) has contributions from pos-
itive and negative values of N as the generating function
Fcph(pχ, t) contains powers of e±ipχ/2 while P (N, t) only
has contributions for N ≥ 0 as we only consider leakage
from the cavity (zero-temperature limit).
Numerically, we obtain the quasi-probabilty distribu-
tion P˜ (N, t) exactly following these definitions:
A numerical representation of Fcph(pχ, t) for a fixed time
t is calculated from time-evolution with Lcphpχ , where a suf-
ficient number of pχ ∈ [0, 4pi] values are sampled from the
full period of Fcph(pχ, t) (which is a function of pχ/2).
Then the Fourier-integral is numerically evaluated for
various values of N .
The probabilty distribution P (N, t) can be calculated
in an analogous manner (with the time-evolution now
governed by Lχ instead of Lcphpχ ). Alternatively, we em-
ployed for larger times the N -resolved density matrix
approach [1, 2], where a set of density matrices ρ(N)(t)
representing the density matrix of the system after N
photons have left the cavity is evolved according to
ρ˙(N)(t) = Ldet[ρ(N)(t)] + J [ρ(N−1)(t)] , (S3)
where Lχ=0 = Ldet + J with J [ρ] = γaρa†.
The probabilty distribution then simply follows as
P (N, t) = Tr{ρ(N)(t)}.
SEMICLASSICAL AND QUADRATIC
APPROXIMATIONS
The quantities ν(p) and g(p) that appear in the Hamil-
tonian that arises within the semiclassical approximation
[Eq. (6)] are defined as follows:
ν(p)(A, φ) =
E˜J∆
2
0
~
Jp(2∆0A) cos[p(φ− pi/2)] (S4)
g(p)(A, φ) = −i
E˜J∆
2
0
2~
{
Jp−2(2∆0A)e
i(p−2)(φ−pi/2)
+Jp+2(2∆0A)e
−i(p+2)(φ−pi/2)
}
, (S5)
with A and φ the amplitude and phase of the classical
fixed point [3].
When the fixed point amplitude is non-zero, the cur-
rent noise is calculated in the semiclassical approximation
using just the linear current fluctuations
δI = K(p)δa+K
∗
(p)δa
†, (S6)
where δI = ICP − 〈ICP 〉 with
K(p) =
ip−1eE˜J∆0
~
[
Jp−1(2∆0A0)e
−iφ0(p−1)
+(−1)pJp+1(2∆0A0)eiφ0(p+1)
]
. (S7)
The correlation functions for the current fluctuations can
be calculated using the regression formula [1], leading to
a simple expression for the current noise
SCP =
γ
∣∣∣K(p) [i(ν(p) + δ(p))− γ/2]−K∗(p)g(p)
∣∣∣2
Γ+(p)Γ
−
(p)
. (S8)
The denominator in this expression is written in terms
of the eigenvalues that describe the evolution of the lin-
ear fluctuations, Γ±(p) [see Eq. (7)]. This connection is
important for understanding the behavior in the vicinity
of the bifurcations which the system undergoes: one of
the eigenvalues vanishes at these points, implying a di-
vergence in the noise provided the denominator remains
non-zero.
In cases where A = 0, such as the two-photon reso-
nance below threshold (EJ < E
C
J ) this linear approach
is not sufficient. In this case there is no displacement
transformation and one simply uses quadratic approxi-
mations for the Hamiltonian and the current operator
(i.e. δa = a). In the quadratic approximation the av-
erage current and occupation number n = a†a operator
obey the coupled equations
〈I˙(2)CP 〉 = −γ〈I(2)CP 〉+
eE˜2J∆
4
0
2~2
[〈n〉+ 1/2] (S9)
〈n˙〉 = −γ〈n〉+ 〈I(2)CP 〉/e, (S10)
2where the quadratic Cooper pair current operator is
I
(2)
CP =
ieE˜J∆
2
0
2~
(aa− a†a†). (S11)
The two-time correlation function for the current is then
again obtained using the regression formula.
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